Fractional Shot Noise in the Kondo Regime 
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Low temperature transport through a quantum dot in the Kondo regime proceeds by a universal 
combination of elastic and inelastic processes, as dictated by the low-energy Fermi-liquid fixed point. 
We show that as a result of inelastic processes, the charge detected by a shot-noise experiment is 
enhanced relative to the noninteracting situation to a universal fractional value, e* = 5/3e. Thus, 
shot noise reveals that the Kondo effect involves many-body features even at low energies, despite 
its Fermi-liquid nature. We discuss the influence of symmetry breaking perturbations. 

PACS numbers: 72.15.Qm, 72.70.-|-m,73.63.Kv 
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Introduction. — Shot-noise measurements in mesoscopic 
devices provide a direct measurement of the effective 
charge e* of the current-carrying particles. Prominent 
examples in which this charge differs from the electron 
charge e include the observation of the fractional charge 
e* = e/3 in the fractional quantum Hall regime 0, as 
well as the detection of the Cooper-pair charge e* = 2e in 
normal metal-superconductor junctions Qj- In this paper 
we study shot noise in quantum dots in the Kondo limit. 
Despite the Fermi liquid (FL) nature of the low-energy 
fixed point of the Kondo effect, we find that the effective 
backscattering charge is a universal quantity satisfying 
e* > e. Unlike in quantum Hall systems and supercon- 
ductors, this enhancement relative to the noninteract- 
ing value is not related to the fundamental quasiparticle 
charge. Instead, it is a direct consequence of interactions 
between quasiparticles of charge e, which lead to simul- 
taneous backscattering of two quasiparticles. 

The Kondo effect occurs in quantum dots when the 
dot carries an effective spin, and charge fluctuations are 
frozen out by the strong Coulomb repulsion. Virtual tun- 
neling of electrons into and out of the dot induces an 
antiferromagnetic coupling of the dot spin with the elec- 
trons in the leads. In this paper, we focus on the regime 
of temperatures T well below the Kondo temperature 
Tr-, where the dot spin is locked into a singlet state with 
the lead electrons. Then, for two leads coupled sym- 
metrically to the dot, the linear-response conductance is 
enhanced to the maximal unitary value = 2e^/h 0, 
corresponding to the conductance of a fully transparent 
channel with transmission probability T(e) = 1. 

Shot noise in the Kondo effect was recently addressed 
theoretically for a wide range of temperatures and volt- 
ages V 0, lal- For energies well above Tr-, shot noise 
exhibits the typical enhancement oc log~^ (cV/Tk), then 
it develops a peak around Tr-, and is finally suppressed 
at low energies. The low-temperature suppression can be 
understood from the expression for the shot noise S in 
noninteracting systems [if 

S = 2g„ f &T(e)[l - - /.(e)], (1) 



which vanishes in the unitary limit T(e) —> 1. Here fs and 
fd denote the Fermi distribution functions of the source 
and drain, respectively. Intuitively, while the incident 
fermionic carrier fiow is fiuctuationless at zero temper- 
ature, the transmitted and reflected carrier flows gener- 
ally exhibit probabilistically generated noise. However, 
if r(e) = 1 or 0, no noise is generated by the scatterer. 

The starting point of the present paper is the observa- 
tion that close to the limit of perfect transmission, it is 
natural to extract the charge of the backscattered parti- 
cles from the ratio 



S/2h 



(2) 



where lb denotes the backscattering current of reflected 
carriers. Indeed, this definition was used to extract the 
quasiparticle charge in the fractional quantum Hall ef- 
fect In the noninteracting case, lb = 2 -I J de[l — 
r(e)][/s(e) - and using Eqs. and l|2j) we have 

e* = e when T{e) — > 1 for energies e close to the Fermi 
energy. In contrast, it is the central result of this paper 
that e* = |e in the Kondo regime. We show below that 
this is a universal property of the Kondo effect, which is 
independent of the Kondo temperature Tk- 

Near the unitary limit, it is most convenient to describe 
the system in the language of right movers (R-movers) 
propagating from source (with chemical potential ^.s) to 
drain (with chemical potential /i^) and left movers (L- 
movers) propagating from drain to source. Deviations 
from the unitary limit will allow R-movers to backscatter 
into L-movers and vice versa, as indicated schematically 
by a wavy line in Fig. ^a) . We now turn to a discussion 
of the various relevant backscattering processes which are 
dictated by the low-energy fixed point of the Kondo effect 
and summarized pictorially in Figs.QIb), (c), and (d). 

In a naive picture, the Kondo effect is thought of 
as the formation of a single-quasiparticlc resonance of 
width Tk, centered exactly at the Fermi energy Ep. 
Then, individual quasiparticles are backscattered as ener- 
gies e away from the Fermi energy become relevant due to 
finite temperature or voltage [see Fig. ^b)] . The rate for 
this process grows quadratically in ma.x{T/TK,V/TK}- 
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FIG. 1: Transport processes near the unitary limit, (a) In 
the unitary limit an electron incident from the source is al- 
most totally transmitted into the drain, a process describing 
the free motion of a R-mover. Weak backscattering between 
R-movers and L-movers is denoted by the wavy line, (b) 
Elastic backscattering of one R-mover with energy e relative 
to Ef = (/is + Md)/2. The energy dependence of this ampli- 
tude oc ae/TK corresponds to scattering off a resonant level 
of width oc Tk /ct, centered at Ep- (c) Inelastic backscatter- 
ing of one R-mover accompanied by creation of a particle hole 
pair within one reservoir, (d) Inelastic backscattering of two 
R-movers with opposite spins cr and o. The amplitudes of 
processes (c) and (d) are proportional to (i, see Eq. 0. 

However, as T or increase, an additional inelastic chan- 
nel opens for scattering between the R-movers and L- 
movers, in which the backscattering event is accompa- 
nied by the simultaneous creation of a particle-holc pair. 
In this case, the corresponding rates are again quadratic 
in max{T/T/f , V/Tk} due to phase-space restrictions for 
particle- hole-pair creation. If the particle- hole pair is cre- 
ated within the drain or within the source [see Fig.^c)], 
the process effectively backscatters a single mover. How- 
ever, when particle and hole are created in drain and 
source, respectively [see Fig.^d)], we encounter an event 
in which two R-movers backscattcr simultaneously 0. 
These are the processes that lead to an effective backscat- 
tering charge e < e* < 2e as measured by shot noise. 

The universality of e* is a consequence of the fact that 
the Kondo resonance is tied to the Fermi level. This fixes 
the ratio between the amplitudes a for elastic scattering 
and (5 for the interactions which generate inelastic scat- 
tering. It is a central result in Nozieres' FL theory of the 
Kondo effect that a ~ (3. Thus, the fixed-point Hamil- 
tonian Eq. |(2Jl describes the low-energy properties by a 
single parameter Tk- It is interesting to note that the 
Wilson ratio, i.e., the ratio between the relative changes 
in the susceptibility and the specific heat due to the lo- 
cal spin, W = {5xlx)l{^Cy/Cy) = 1 + PI a = 2, is an- 
other quantity which acquires a universal value due to the 
same reason. However, the universality of W is actually 
restricted to situations where the g-factors of localized 



spin and conduction electrons are equal [lOj. We em- 
phasize that the universality of e* is not subject to this 
restriction. 

The large value of the effective charge is surprising 
since there are six possible processes in which one mover 
is backscattered [two elastic and four inelastic processes, 
see Figs.n[b) and^^c)] compared to only a single process 
of two-particle backscattering [Fig. ^d)]. However, the 
phase space for the two-particle process is significantly 
enhanced by the fact that the applied voltage acts on 
both particles scattered from source to drain. Indeed, we 
find for eV 3> T that 2/3 of the backscattering current 
is carried by two-particle processes. 

Calculation. — We describe a quantum dot with sym- 
metric dot-lead couplings near the unitary limit in the 
basis of L and R-movers with energy = vpk^ spin ct, 
as well as creation operators and i?^^, respectively. 
The distribution of incoming R-movers (L-movers) is dic- 
tated by the chemical potential of the source (drain). Due 
to the LR-symmetry, the low-energy Hamiltonian H[ip] 
can be written entirely in terms of the symmetric combi- 
nation l/'fecr = -^{Lka- + Rka)- 

In view of the Fermi-liquid nature of the Kondo fixed 
point, the low-energy physics can be completely de- 
scribed by the scattering phase shift suffered by an in- 
coming quasiparticle (j^co-), combined with the quasipar- 
ticle distribution [Sj. Following Nozieres, the low- 
energy expansion of this phase shift is = — 
where ct = —a and f is the density of states. No- 
tice that the phase shift of the electrons differs by 7r/2 
from that of the ipka particles [1^ . Combining this ex- 
pansion with the floating of the Kondo resonance, i.e., 
(5((5e, n ~ v5e) ~ S{e = 0, n = 0), one obtains the impor- 
tant FL relation a ~ f3 mentioned above. 

Equivalcntly, the low-temperature_physics can be de- 
scribed in terms of the Hamiltonian 



k<T 
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k.k' (7 



whose <-matrix = 2^i^^^'^^^'^) — —^ct/tt!/ reproduces 
the desired phase shift. 

The term oc a in Eq. ^ which yields the energy de- 
pendence of the phase shift, is consistent with the picture 
of a resonant level of width Tk centered at Ep- Since the 
phase shift grows by n across the resonance, this picture 
implies a ^ 1. The term oc (3 describes the quasiparticle 
interactions. While the corresponding contribution to the 
phase shift follows from this interaction at the Hartree 
level, a treatment beyond Hartree involves inelastic pro- 
cesses in which quasiparticle scattering is accompanied 
by the creation of particle-hole pairs. 

The current / transmitted from source to drain con- 
tains a dominant (maximal) unitary contribution /„ = 
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2^V as well as the backscattering current, I = lu — h- 
The backscattering contribution /(,, describing deviations 
from perfect transmission, follows from the Hamiltonian 
Eq. (|3J) by evaluating the increase in the numbers of 
L-movers relative to R- movers, lb = f ^(-^l — -^_r), 

where Na=L,R = J2ka ^la'^'^o'- "^^^ zero-frequency cur- 
rent fluctuations (noise power) are defined as 5 = 
/ dt{{dI{0),SI(t)}), where SI = I - (I). At zero tem- 
perature, only /f, contributes to shot noise. 

We calculate current and noise through the biased 
quantum dot by the Keldysh technique, which allows one 
to couple the L- and R- movers perturbativcly in I/Tr-. 
To leading order, we obtain after lengthy but straightfor- 
ward calculations Il2l 




Substituting these expressions into Eq. and using 
a = /3, we indeed find e* = |e. 

Interpretation. — We can gain physical understanding 
of this result by rewriting the Hamiltonian Eq. (jJl in 
terms of the operators of left and right movers. This 
allows us to unravel the nature of the backscattering of 
R-movers into L-movers and to obtain the rates of the 
various backscattering processes from the relevant ampli- 
tudes combined with the voltage-dependent phase space. 

Substituting ipka = "^(^fccr + Rka), the inelastic term 
oc /? in the Hamiltonian Eq. Q takes the form Hp = 

4;;ilTrSfei'!£Sf "It^fc^TcLi^feii- Clearly, it con- 
tains processes in which 0,1, or 2 particles are backscat- 
tered. An interesting process without net backscattering 
is Lj ^R k^^Rt^^^Lk, I , which contributes to the spin cur- 
rent [13 but not to the charge current considered here. 

Backscattering of two R-movers arises from the terms 
« E^liT^'=2T-^Li^'=4i in Hp [see Fig.[TId)]. Their con- 
tribution Ip2 — r^2 ■ 2e to the backscattering current 
is determined by the rate 



2tt 



r^2 = — 



h ^ 

ki,k2,k3,k4 



\{Lki'\Rl^fLk3lRl^^IIp)\'^S{^ki +Cfc3 -&2 



2tt (3^ 



eV 



deiV -e)iV + e). (6) 



eV 



Here we used I]/c '^J d-^k, {LkcrL\,^,) ^ 6kk'5aa'[l - 
{RLRk'a') = Skk'Saa'fsi^k), and sct T = 0. £ 
denotes the energy transfer from the spin-up to the spin- 
down particle, and the factors V — e and V + e originate 
from the integrations over the initial energies of the spin- 
up and spin-down R-movers, respectively. Performing 
the e-integration, we obtain Ip2 = xK^) ^Z^^- 

In a similar manner, one finds that inelastic backscat- 
tering processes of a single R-mover give a contribution 
to lb which is of the form Ipi = ATpie = xM^)^^'^^- 
The factor of 4 reflects spin as well as the fact that the 
particle-hole pair can be created either in the source or 
in the drain [sec Fig.^c)]. Tpi is obtained by replacing 
rI^^ in Eq. © for Vp2- Note that the ratio of 

the phase-space factors for inelastic backscattering of two 
movers vs. a single mover is Tp^/Tpi = 8. 

The backscattering current due to elastic processes 
[see Fig. ^^b)] follows from the elastic term in the 
Hamiltonian Eq. (|3J), which takes the form Ha = 
-i£T]^J2lPa'"'i^k+Ck')al,,bk'a iri terms of L^^ and 
Rka ■ This contains processes in which at most one mover 
is backscattered. The corresponding elastic contribution 

to lb is given by la = iVae = xi(^) where the 

factor of two originates from spin. 

Since the scattering events have rates oc (^) ^ 1 
and are thus rare, they are uncorrclatcd. For this reason. 



the total shot noise S ~ 2e{Ia+Ipi + 2Ip2) contains inde- 
pendent contributions from each process. Using Eq. Q 
and a = P, we recover the effective charge 

f_ _ 6 ^ 6 ^ 3 _ (y\ 

6^6' 3 

So far, we have derived this universal value of e* 
for systems which reach the maximal unitary limit as 
T ^ 0. A necessary condition for this to happen 
is that the system respects the following symmetries: 
(i) SU{2) spin symmetry, requiring zero magnetic field 
Sh = q^lbH /Tk = 0; (ii) particle-hole symmetry leading 
to the absence of potential scattering, 5r = 0; (iii) LR 
symmetry, requiring dot-lead tunneling t^ ji and capaci- 
tive couplings which are equal for left and right lead. De- 
viations from tL = tpi imply 5e ^ Q, where 5g = 29 — 11/2 
with 9 = arctan <9 < tt/2. Asymmetric ca- 

pacitances may shift the position of the resonance level 
further. We quantify this shift by a parameter 7 satisfy- 
ing Ef = + V-f. 

Some theoretical approaches artificially break these 
symmetries in order to arrive at solvable models. E.g., 
the Schiller-Hershfield version of the Toulouse solution pj 
breaks SU{2) spin symmetry as well as the LR-symmetry 
and indeed, we find that it would predict e* = 2e. Slave- 
boson mean field theory neglects two-particle scattering 
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and breaks particle-hole symmetry [lj| . Since it leads to 
a self-consistent single-electron description in terms of a 
resonance-level model, one necessarily has e*/e = 1. 

Realistic quantum dots. — The maximal unitary limit 
is also not easily accessible in experiment due to resid- 
ual symmetry-breaking perturbations 0. Such pertur- 
bations lead to a backscattering current linear in V, 
which dominates at low voltages and implies e* = e. 
However, the previously discussed (a and (3) processes 
grow as and will thus dominate at sufhciently high 
voltages, leading to a crossover of e* to a value close 
to the universal value |e. To quantify this scenario, 
we note that the backscattering current oa V , If, = 

2^V[1 - sin2(26')iX;a=±sin^'^°'] is determined by 
the LR-asymmetry Sg and by the electronic phase shift 
6f ~ tt/2 — 5r — aSh- The latter differs by 7r/2 from 
the 'i/'-particles phase shift, — <ySh- This phase shift 
can be included by adding to the Hamiltonian a local 
term, iJioc =Y.kk'a- ^""^^IT^^ka^k'a- (A global magnetic 
field has a similar contribution to the phase shift through 
a Hartree treatment of the interaction.) If the dot is 
close to unitarity, 6g,Sh,Sr <Si 1, we have the expansion 
If, = 2^VS^, where 6^ =d'^+Sl + 5^. Thus, this contri- 
bution to backscattering becomes negligible once 



V* = Tk max{(5e, 6h, 5r] <^V <^ Tk, 



and the detailed crossover of e* takes the form 



(8) 



We remark that strictly speaking, symmetry-breaking 
perturbations also affect the terms oc V'^. These correc- 
tions appear at yet higher order [e.g. 0{f3^S^)]. Evalu- 
ating these corrections within the Keldysh approach for 
weak symmetry breaking, we obtain 



S/2e - d^gpV 



i=rM,e 



+ c^"f^ + 0(6^), (10) 



where Cr,Ch, cg and are numbers of 0(1) [H. 

Summary. — We discussed the effective backscattering 
charge measured by shot noise in Kondo quantum dots 
near perfect transmission. The result e* = |e reflects the 
fact that transport is mediated by a combination of one 
and two particle scattering processes. We argued that 
even for real quantum dots where most of the symmetries 
which are often assumed in theoretical models are broken, 
the universal behavior can be seen at voltages larger than 
a voltage scale V* reflecting the strength of symmetry 
breaking, but smaller than Tk. 
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FIG. 2: Effective charge e* vs. voltage for broken LR tunnel- 
ing symmetry 5 = 5g = 1/20. The crossover from e*/e = 1 to 
e*/e « 5/3 occurs when V/Tk exceeds 5. 

It may be useful to note for experimental tests of our 
predictions that for voltages V ^ V* , it should be possi- 
ble to subtract explicitly the identical contributions oc V 
in the noise S/2e and in the backscattering current, cf. 
Eq. (|10|l below. In this way, one isolates the terms oc 
and recovers the universal value 5/3 even in the presence 
of symmetry-breaking perturbations. 
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